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Abstract
We show that the presence of spacetime torsion, unlike any other non-trivial modifications of the
Einstein gravity, does not affect black hole entropy. The theory being diffeomorphism invariant leads
to a Noether current and hence to a Noether charge, which can be associated to the heat content
of the spacetime. Furthermore, the evolution of the spacetime inheriting torsion can be encoded in
the difference between suitably defined surface and bulk degrees of freedom. For static spacetimes
the surface and bulk degrees of freedom coincides, leading to holographic equipartition. In doing
so one can see that the surface degrees of freedom originate from horizon area and it is clear that
spacetime torsion never contributes to the surface degrees of freedom and hence neither to the black
hole entropy. We further show that the gravitational Hamiltonian in presence of torsion does not
inherit any torsion dependence in the boundary term and hence the first law originating from the
variation of the Hamiltonian, relates entropy to area. This reconfirms our claim that torsion does not
modify the black hole entropy.
1 Introduction and Motivation
Black holes have a characteristic temperature and entropy associated with them and this leads to the for-
mulation of the laws of black hole mechanics [1]. From the standpoint of Classical dynamics, this behaviour
is a mystery, as there cannot exist any classical degrees of freedom to account for such thermodynamic
properties, specially the temperature. Studying quantized matter fields in curved spacetime, it is possible
to show that the black holes behave as a true thermodynamical system, reasoning the existence of the
black hole temperature and entropy [2–5]. This is essentially due to the fact that the vacuum states of
quantum fields are not invariant under general co-ordinate transformation. While the quantum degrees of
freedom of the matter fields can nicely account for the temperature associated with black holes, the notion
of black hole entropy remained a mystery till date.
The most likely explanation for the origin of black hole entropy is the microscopic quantum mechanical
degrees of freedom hidden within the black hole horizon [6–14]. The well-known Bekenstein-Hawking
entropy associated with black holes in the context of general relativity takes the following form
SGR =
AHoriozn
4~G
. (1)
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As evident, the entropy depends on both the Planck’s constant ~ and the Newton’s constant G, pointing
towards the tantalizing evidence that black hole thermodynamics unites quantum mechanics and gravity.
This makes the computation of the correct black hole entropy in any quantum theory of gravity an
important part of its foundation. Even though there are plethora of models, starting from which the above
entropy-area relation can be derived, all these models are handicapped in one way or another. For example,
the string theory calculation works only for supersymmetric or near-extremal black holes [9,10,15–18], while
loop quantum gravity has to assume some choice for the ill-understood immirzi parameter [11, 19–23].
Moreover, it was not at all clear if the above black hole entropy would remain the same by performing
some non trivial modifications to general relativity, such as including higher derivative terms in the action
or dropping the assumption about a symmetric connection by including torsion as an additional degree of
freedom.
The modifications brought about in the entropy-area relation for black holes (or, for that matter
generic null surfaces) is very important from the perspective of the gravity-thermodynamics connection.
Recently, there have been several illuminating results shedding light on black hole thermodynamics. This
started from the demonstration that one can arrive at Einstein’s equations starting from Clausius relation
[24], which was supplemented by the demonstration that Einstein’s equations can also be casted in a
thermodynamic language [25]. Subsequently, both these methods were generalized to higher curvature
theories and for generic null surfaces with modified expressions for entropy [26–33]. In all these contexts
the fact that the entropy-area relation is modified, played a crucial role in order to write down the respective
expression associated with gravitational dynamics in a thermodynamic language.
It is obvious that the invariance of the gravitational Lagrangian under diffeomorphism is a symmetry
associated with the Lagrangian and hence there must be an associated Noether current. Given the Noether
current it is straightforward to compute the Noether charge by integrating over a three-dimensional hyper-
surface. In the context of general relativity it turns out that the associated Noether charge can be exactly
related to the black hole entropy and one recovers the entropy-area relation [34, 35]. This prescription
has been applied later on to various higher curvature theories and the associated entropy turns out to be
different from area [28, 35–42]. This has resulted in an understanding that whenever the Einstein-Hilbert
Lagrangian is non-trivially modified, the entropy-area relation will also be affected. In a similar spirit
the derivation of the first law for black hole spacetime also involves variation of the Noether current and
associated symplectic structure of the spacetime. From the first law as well, one can immediately identify
the expression for black hole entropy and this results into modifications of the entropy-area relation for the-
ories beyond general relativity [35,43] (see also [44]). So far the above assertion has hold good for addition
of higher derivative (or, higher curvature) terms in the action or modifications due to some non-minimal
coupling of gravity with matter fields, leading to a departure from the entropy-area relation but not much
has been said when one includes torsion in the theory and spacetime is no more Riemannian (however
see [45–48]). Hence the above routes may help in understanding whether the entropy-area relation has
been modified or not in the context of Riemann-Cartan spacetime.
The interpretation of the Noether charge of any gravitational theory as the black hole entropy has
further lead to some intriguing and deep understanding of the connection between gravitational dynamics
and horizon thermodynamics. Recently in [30, 49, 50] several additional results strengthening the above
connection have been established within the framework of general relativity and Lanczos-Lovelock gravity
as well. In particular, it was demonstrated in all these theories that the Noether charge associated with
the diffeomorphism vector field generating time evolution is equal to the heat content of the boundary
surface. In a similar spirit, it appears that evolution of the spacetime can be thought of as due to the
difference between suitably defined surface and bulk degrees of freedom. As these two degrees of freedom
become equal, the time evolution vector field becomes a Killing vector field and hence the spacetime ceases
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to be dynamical. In these scenarios as the theory of gravity is modified, the surface degrees of freedom
responsible for black hole entropy also differs from being area. Thus the above derivation may also provide
a handle on the modifications of the entropy-area relation for a diffeomorphism invariant theory other
than general relativity. In this work we will consider all these routes to asses the entropy-area relation in
presence of spacetime torsion.
The presence of spacetime torsion is unavoidable as quantum nature of the matter fields are taken
into account. Most of the quantum fields enjoy their own intrinsic spin angular momentum. Therefore
in the semi-classical framework, where one would like to extend general relativity in accordance with the
underlying microphysics, inclusion of the spin angular momentum of matter is necessary and unavoidable.
In the same way as the matter energy-momentum couples to the metric, ‘spin’ couples to a geometrical
quantity of spacetime related to rotational degrees of freedom and corresponds to non-trivial choices of the
spacetime torsion [51–55]. This results into a dramatic departure from the Riemannian description of the
spacetime. Therefore in a complete description of gravity there is no escape from spacetime torsion, which
is intrinsically geometrical and couples to spin angular momentum of matter fields [51, 52]. Further, the
presence of spacetime torsion itself modifies the gravitational Lagrangian and hence the field equations in
a non-trivial manner. Even though some geometrical [56, 57] and thermodynamical [48] consequences of
the presence of spacetime torsion has been discussed at some length, unfortunately there have been very
little discussions on what happens to the black hole entropy or, more precisely to the entropy-area relation
as torsion is brought into the picture [51,58] (as an aside, the effect of spacetime torsion on cosmology has
been discussed in [59–61]).
In this work we firstly provide a brief review of the connection between Noether current and black hole
entropy in Section 2. Subsequently we have provided a derivation of the Noether current for Einstein-
Cartan theory, i.e., in a theory of gravity involving spacetime torsion as an additional degree of freedom
in Section 3. Following the derivation of Noether current, in Section 4 we have explicitly demonstrated
how the surface and bulk degrees of freedom splits. This further bring forth the fact that the presence of
torsion does not effect the surface degrees of freedom at all, thus leading to the result that torsion would
not effect the horizon entropy. It is further backed up by the derivation of the first law in the context of
Einstein-Cartan spacetime using relevant Hamiltonian in Section 5. We finally conclude with a discussion
on the results in Section 6.
2 Noether Current to Black Hole Entropy: A Review of Earlier
Results
The correspondence between gravitational dynamics and spacetime thermodynamics transcends general
relativity and holds good for a variety of alternative gravitational theories, including Lanczos-Lovelock
models of gravity. In both general relativity and Lanczos-Lovelock models of gravity, the associated
Noether current provides a bag full of thermodynamic relations, including an estimation of the black
hole entropy (or, for that matter entropy associated with any null surface) in these theories. Therefore
given any gravitational theory, it is possible to arrive at an expression for the Noether current associated
with it and hence one may infer the associated black hole entropy. In this work we will employ an
identical strategy to understand the black hole entropy as well as other thermodynamic identities associated
with it in the presence of spacetime torsion. Since presence of spacetime torsion modifies the spacetime
structure drastically it will be worthwhile to explore the earlier results in the context of general relativity
and Lanczos-Lovelock gravity to set up the background, with which we can compare and contrast our
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subsequent results.
There can be two ways to arrive at the Noether current associated with general relativity and Lanczos-
Lovelock gravity, one of them follows from purely geometric point of view and is independent of the field
equations, while the other one uses the gravitational field equations explicitly. Even though premises of
both the Noether currents are different, due to very interesting cancellations they turn out to be identical.
In the off-shell approach one considers the change in the gravitational action alone due to diffeomorphism
and hence determines the Noether current. On the other hand, the on-shell approach considers the variation
of (gravity + matter) action, which leads to the Noether current when gravitational field equations are
imposed. For matter action involving minimally coupled scalar or electromagnetic field both these currents
match. In the context of general relativity the Noether current associated with a diffeomorphism vector
field vα takes the following form,
Jµ[v] =
1
16πG
∇ν {∇µvν −∇νvµ} (2)
=
1
8πG
Rµνv
ν +
1
16πG
gαβ£vN
µ
αβ (3)
where Nµαβ ≡ −Γµαβ + (1/2)(δµαΓρρβ + δµβΓρρα) [62]. The above Noether current inherits intriguing ther-
modynamic relations, which becomes apparent when one introduces the following setup: Introduction
of a time coordinate t foliating the spacetime, such that we have a hypersurface orthogonal vector field
uα = −N∇αt, where N is the normalization factor. Then the time evolution vector field in this context,
which would become Killing in static situations become ξµ = Nuµ. Interestingly the Noether charge
density associated with ξµ on a t = constant hypersurface becomes,
16πG uµJ
µ[ξ] = Dα {2Naα} (4)
where aα is the acceleration associated with uµ and Dα is the covariant derivative on the t = constant
hypersurface. Thus when integrated over a three-surface on the t = constant hypersurface, the term on
the right hand side will be converted to an integral over a two-surface such that,
∫
V
d3x
√
h uµJ
µ[ξ] = ǫ
∫
∂V
d2x
(
Na
2π
) √
σ
4G
= ǫ
∫
∂V
d2x Tlocs (5)
where ǫ is a numerical factor taking values +1(or, − 1) depending on whether the normal to the two-
surface ∂V is outward (or, inward) pointing. Here the two terms on the right hand side has the following
interpretations — (a) one of them will be
√
σ/4G, the entropy density s and (b) Na/2π, the Davies-Unruh
redshifted temperature Tloc associated with the acceleration of the observer with four-velocity u
µ [5, 63].
Thus the Noether charge identifies area/4 as the entropy associated with black holes (or, null surfaces) in
general relativity.
The above result can be used to determine an expression for spacetime evolution as well, which cor-
responds to gαβ£vN
µ
αβ term. For static spacetimes, ξ
µ will be the Killing vector field associated with
temporal isometry and hence this Lie variation term will vanish. Using Einstein’s equations in the form,
Rµν = 8πG{Tµν − (1/2)Tgµν}, we obtain the following expression for the Lie variation term,
1
8πG
∫
V
d3x
√
h uµg
αβ£ξN
µ
αβ =
1
2
Tavg {Nsur −Nbulk} (6)
Nsur =
Area
G
; Nbulk =
1
(1/2)Tavg
∫
V
d3x
√
h ρKomar (7)
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Here Tavg is the average temperature over the two-surface ∂V and ρKomar = {Tµν − (1/2)Tgµν}uµuν is the
Komar energy density. Thus the difference between suitably defined surface and bulk degrees of freedom
is responsible for the Lie variation term to be non-zero and hence evolution of spacetime. If these two
degrees of freedom coincide then the spacetime is static as the Lie variation vanishes and ξµ becomes a
Killing vector field.
3 Noether Current in Presence of Spacetime Torsion
In this section we will determine the Noether current associated with the diffeomorphism invariance of the
gravitational action albeit in the presence of spacetime torsion. The first place where spacetime torsion
plays a significant role is in the definition of covariant derivative. In general, there is no such restriction
for the connection appearing in the covariant derivative to be symmetric and hence it can inherit anti-
symmetric parts, which is known as torsion tensor T µαβ . However the additional part of the connection
modulo the Christoffel symbol is known as the contorsion tensor Kµαβ . The torsion and the contorsion
tensors can be related by demanding that the covariant derivative of the metric tensor still vanishes even
in presence of torsion. In this case the gravitational Lagrangian is again taken to be the Ricci scalar but
obtained from the Riemann-Cartan manifold [64], which can be written as,
LEC = R¯ = R− (TρT ρ −KαµρKµαρ) + 2∇αTα (8)
= R+ 2∇¯αTα + TρT ρ +KαρµKραµ (9)
where the subscript ‘EC’ stands for Einstein-Cartan theory. The quantity Tρ corresponds to the trace of
the torsion tensor, which is defined as Tρ ≡ T µρµ = −Kµµρ, where Kµαβ is the contorsion tensor. The above
Lagrangian can also be neatly separated into a surface part and a bulk part, where the bulk part will inherit
contributions from torsion, but not the surface part. Thus in this context as well the holographic relation
between the bulk and boundary action of Einstein-Cartan theory does not hold (for another example,
see [65]).
Note that the above Lagrangian as presented in Eq. (8) has a total derivative term and hence the field
equation with or without the ∇αTα term remains the same. This essentially amounts to an ambiguity
in the expression for Noether current. Given the above action, one has to follow the usual procedure,
i.e., vary the gravitational action under a diffeomorphism, which will eventually lead to the Noether
current. Interestingly, unlike the scenarios described in Section 2, derivation of the Noether current from
off-shell approach in the Einstein-Cartan theory is complicated. This is mainly due to the fact under
diffeomorphism both the metric and the contorsion (or, torsion) will change. Even though the variation
of the metric can be written in terms of derivatives of the diffeomorphism vector field, the variation of the
contorsion tensor has no such simple expression. This prohibits one to determine the Noether current in
Einstein-Cartan theory using the off-shell method. Note that for actions involving non-minimal coupling
one must take into account the non-minimal terms as well, in which case it is known that there can be
ambiguities between the off-shell and on-shell methods. As a curiosity, we would like to mention that even
in the absence of non-minimal coupling, the on-shell and off-shell methods do not give identical expressions
for Noether current. Such a scenario corresponds to a particular class of Galileon Lagrangian. Given the
above difficulty with the off-shell method we will consider the on-shell approach. In this case knowledge
about the gravitational Lagrangian is not enough, one needs to know the matter sector as well.
In the Einstein-Cartan theory, torsion is not dynamical and hence in absence of a source term the
torsion tensor identically vanishes, resulting into normal general relativistic scenario. Thus it is necessary
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to introduce a source term for torsion, which may have its origin from spin fluid, which reads, −Kασβτσ βα .
Here τσ βα is the generator of the spin fluid. Similarly we assume an additional minimally coupled scalar
field in the matter sector. Thus the complete action of (gravity + matter) takes the following form,
Atot =
∫
d4x
√−g (LEC + Lmatter) =
∫
d4x
√−g
[ R¯
16πG
−Kασβτσ βα −
1
2
∇αΦ∇αΦ− V (Φ)
]
(10)
where, τµαβ acts as the source of the torsion tensor and K
α
µν is the contorsion tensor as explained earlier.
Also R¯ denotes the Ricci scalar in presence of spacetime torsion. Variation of the above action with respect
to metric, contorsion tensor and the scalar field yields,
δAtot =
∫
d4x
√−g
[ 1
16πG
Eµνδg
µν +
1
16πG
χσ βα δK
α
σβ + E(Φ)δΦ +∇µδV µ
]
(11)
The above variation involves four terms, the first three are due to variations of the independent variables
and the last one is the total derivative term. Given the above one can read off the gravitational field
equations by setting the coefficient of the dynamical variable i.e., the metric to be vanishing. This yields
Eµν = 0 and takes the following form,
G¯µν −
(∇¯α + Tα) {Kαµν + δαµTν − gµνTα} = 8πG
{
∇µΦ∇νΦ + gµν
(
−1
2
∇αΦ∇αΦ− V (Φ)
)}
+ 8πG
{
Kασµτ
σ
αν +K
α
σντ
σ
αµ − gµν
(
Kασβτ
σ β
α
)}
(12)
where, G¯µν is the Einstein tensor in presence of spacetime torsion. This in turn can be written in terms of
the Einstein tensor alone, by relating quantities in presence of torsion to those in its absence. The above
exercise finally yields,
Gµν − TµTν +KαβµKβαν +
1
2
gµν
(
TαT
α −KαβρKβαρ
)
= 8πG
{
∇µΦ∇νΦ + gµν
(
−1
2
∇αΦ∇αΦ− V (Φ)
)}
+ 8πG
{
Kασµτ
σ
αν +K
α
σντ
σ
αµ − gµν
(
Kασβτ
σ β
α
)}
(13)
In an identical manner the field equations for the torsional degrees of freedom can also be determined by
equating the coefficient of δKµαβ to zero. This leads to the following equation satisfied by the torsional
degrees of freedom: χµαβ = 0. On expanding out in terms of torsion tensor and its trace, the above
equation results into,
Sµαβ ≡ T µαβ + Tβδµα − Tαδµβ = 16πGτµαβ (14)
The field equation for the scalar field is the standard one and reads EΦ = Φ− (∂V/∂Φ) = 0. Finally the
boundary contribution has the following structure,
δV µ =
1
16πG
gµνgαβ (∇αδgνβ −∇νδgαβ)−∇µΦδΦ (15)
At this stage the field equations are assumed to hold true, so that the first three terms appearing in
Eq. (11) drops out. Further, if the above variation is taken to be due to diffeomorphism by a vector field
vµ, such that xµ → xµ + vµ, we obtain,
δvAtot = −
∫
d4x
√−g∇µ {(LEC + Lmatter) vµ} (16)
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Thus when respective field equations are satisfied it follows that under diffeomorphism, variation of the
total action essentially corresponds to covariant conservation of a four-current Jµ, such that ∇µJµ = 0.
This is known as the on-shell Noether current and has the following expression,
Jµ[v] = δvV
µ +
{
R¯
16πG
−Kασβτσ βα −
1
2
∇αΦ∇αΦ− V (Φ)
}
vµ (17)
The Lie variation of the boundary term involves δvgαβ and δvΦ as evident from Eq. (15). These terms
can be written as — (a) δvΦ = −vα∇αΦ and (b) δvgαβ = ∇αvβ + ∇βvα. Since Lie variation involves
partial derivatives, they are not affected by the presence of torsion. Also note that in the above we have
not taken into account the total derivative term present in the gravitational action and thus the Noether
current presented above will have that ambiguity. Using the above expressions for Lie variation of metric
and the scalar field we obtain,
Jµ[v] =
1
16πG
∇α (∇µvα −∇αvµ) + vµ
{
−Kασβτσ βα +
1
16πG
(−TρT ρ +KαµρKµαρ)
}
+ vν
{
∇µΦ∇νΦ + δµν
(
−1
2
∇αΦ∇αΦ− V (Φ)
)}
− 1
8πG
(
Rµν −
1
2
δµνR
)
vν (18)
Since the above Noether current is derived on-shell, we can use field equations to simplify it further. In
particular, the last term in the above expression can be replaced by using the gravitational field equations,
presented in Eq. (13). Thus we finally arrived at the following expression for the on-shell Noether current,
Jµ[v] =
1
16πG
∇α (∇µvα −∇αvµ)− vν
{
Kασµτ
σ
αν +K
α
σντ
σ
αµ
}− 1
8πG
{
TµTν −KαβµKβαν
}
vν (19)
The above depicts the expression for the Noether current in presence of spacetime torsion. The only
problematic feature of the above expression is associated with its mixed nature, i.e., the contorsion tensor
and τµαβ are both present. However given Eq.(13) one can either write down the Noether current explicitly
in terms of the contorsion tensor or in terms of the torsion. In the first case use of the below identities
Kασµτσαν =
1
16πG
{
KασµK
σ
αν +K
α
σµK
σ
αν − TµTν − TαKανµ
}
(20)
Kασντσαµ =
1
16πG
{
KασνK
σ
αµ +K
α
σνK
σ
αµ − TνTµ − TαKαµν
}
(21)
lead to the following expression for the on-shell Noether current as,
Jµ[v] =
1
16πG
∇α (∇µvα −∇αvµ)− 1
16πG
vν
{
KασµKανσ +K
αµσKασν − Tα
(
Kανµ +K
α
µν
)}
(22)
= Jµgr[v] + J
µ
tor[v] (23)
It is also possible to write down the above expression for Noether current explicitly in terms of the torsion
tensor by using the expansion of the contorsion tensor in terms of the torsion. This results into the
following two identities,
KαµσKασν +K
ασµKανσ =
1
2
T µασTνασ +
1
2
TαµσTνασ +
1
2
T µασTανσ (24)
Kαµν +K
α µ
ν = T
µα
ν + T
αµ
ν (25)
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Using these two identities, we obtain the Noether current in terms of spacetime torsion as,
Jµ[v] =
1
16πG
∇α (∇µvα −∇αvµ)
− 1
16πG
vν
{1
2
T µασTνασ +
1
2
TαµσTνασ +
1
2
T µασTανσ − Tα (T µαν + T αµν )
}
(26)
Even though all these expressions have been presented for completeness, for our later purposes we will use
the expression dependent on contorsion tensor as given by Eq. (22). This will help to simplify the algebra
significantly. Note that when torsion tensor vanishes we get back Eq. (2), the Noether current for general
relativity. This acts as a consistency check of our formalism. Having described the Noether current in
presence of spacetime torsion, we turn our attention to its thermodynamical significance in the subsequent
sections.
4 Holographic Equipartition and Spacetime Evolution in Einstein-
Cartan Theory
In this section we will show that even in the context of Einstein-Cartan theory it is possible to have a
holographic equipartition by separating out a suitable bulk and surface degrees of freedom. Moreover the
difference between the bulk and surface degrees of freedom can be held responsible for spacetime evolution
just as in the case of general relativity [49].
For this purpose, we start with the gravitational field equations in presence of spacetime torsion as
elaborated in Eq. (13). Given the Einstein tensor, the Ricci scalar can be readily obtained by taking the
trace of Eq. (13), which ultimately yields,
R = 8πG {∇αΦ∇αΦ+ 4V (Φ)}+ 16πGKασβτσαβ +
(
TαT
α −KαβρKβαρ
)
(27)
Therefore, the Ricci tensor can also be determined by substituting the expression for Ricci scalar from
Eq. (27) to that of the Einstein tensor, resulting into,
Rµν = 8πG {∇µΦ∇νΦ+ gµνV (Φ)} + 8πG
{
Kασµτσαν +K
ασ
ντσαµ
}
+ TµTν −KαβµKβαν (28)
The above equation is similar to the Einstein’s equations provided one interprets the right hand side to be
the matter energy momentum tensor. Since the origin of the field Φ and the torsion (or, contorsion) field
T µαβ are very different, the right hand side consists of two independent contributions, one form the scalar
field and the other from the contorsion field. Thus it is legitimate to define,
T¯ (matter)µν = {∇µΦ∇νΦ+ gµνV (Φ)} (29)
T¯ (torsion)µν =
{
Kασµτσαν +K
ασ
ντσαµ
}
+ TµTν −KαβµKβαν (30)
This sets up the basic results associated with the evolution of the spacetime via the gravitational field
equations. We will now use these relations to manipulate the expression for the Noether current to arrive
at an equipartition relation for spacetimes inheriting a timelike Killing vector field.
The Noether current, by definition, is conserved and hence one can also construct a conserved Noether
charge associated with any vector field acting as the generator of diffeomorphism. However when this
vector field relates to the time evolution of the spacetime it becomes of significant interest. To understand
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the time evolution let us foliate the spacetime by t = constant hypersurface, with the normal being
proportional to ∇µt. Given this setup it turns out that the vector field ξµ = Nuµ, where uµ = −N∇µt is
the normalized vector field orthogonal to t = constant hypersurface, is intimately connected with the time
evolution of the spacetime [49]. Note that in static spacetime ξµ is the Killing vector field generating time
translation.
Surprisingly enough, it turns out that even in the presence of spacetime torsion it is possible to provide
a simple algebraic relation for the Noether charge, which will have direct thermodynamic significance.
To compute the total Noether charge within a three-volume on a t = constant hypersurface, we start
by projecting the Noether current Jµ[ξ] along uµ. This yields the Noether charge density and hence the
Noether charge itself can be computed by integrating over a 3-volume on the t = constant surface with√
h as the integration measure, where h is the determinant of the induced metric on the t = constant
hypersurface. Thus we obtain, the Noether charge density to have the following form,
16πG uµJ
µ[ξ] = 2NRµνu
µuν + uµg
αβ£ξN
µ
αβ − 32πG NKασµτσανuµuν −N
(−TαTα +KαβρKβαρ)
− 2N
{
TµTν −KαβµKβαν −
1
2
gµν
(
TαT
α −KαβρKβαρ
)}
uµuν (31)
Here we have used the following identity, ∇α(∇µvα −∇αvµ) = 2Rµνvν + gαβ£vNµαβ with Nµαβ = −Γµαβ +
(1/2)(Γνανδ
µ
β + Γ
ν
βνδ
µ
α). To proceed further it is instructive to substitute for Rµν in the above equation
in terms of the scalar field and the torsion tensor following Eq. (28). With this substitution all the
contributions form torsion tensor cancel away and we obtain the following simplified version for the Noether
charge density,
16πG uµJ
µ[ξ] = uµg
αβ£ξN
µ
αβ + 16πG N {∇µΦ∇νΦ+ gµνV (Φ)} uµuν (32)
The terms on the right hand side has two contributions — (a) from the Lie variation of the connection
and (b) the projection of the matter energy momentum tensor on the t = constant hypersurface, without
any contribution from spacetime torsion whatsoever. In the context of Einstein-Hilbert action the Noether
charge density on the left hand side of Eq. (32) can be written as a total divergence whose integral yields
the heat content of the boundary two-surface. However in presence of spacetime torsion such a relation
cannot be derived. Furthermore, unlike the situation with the Einstein-Hilbert action, in presence of
spacetime torsion the Noether current associated with vα = ∇αt does not vanish. This has to do with
the extra terms present in Eq. (26) due to the presence of spacetime torsion. For vα, which is gradient
of a scalar field, in this case normal to t = constant hypersurface, the associated Noether charge density
becomes,
16πG uµJ
µ [∇αt] = −16πG
(
2
N
)
Kασµτσανu
µuν −
(
2
N
){
TµTν −KαβµKβαν
}
uµuν (33)
Further, we have the following result connecting the Noether charge density for ξµ and for ∇αt, such that,
16πG
{
uµJ
µ[ξ]−N2uµJµ[∇αt]
}
= Dα(2Na
α) (34)
Here Dα corresponds to the covariant derivative on the t = constant hypersurface, obtained by projecting
the four-dimensional covariant derivative on the three dimensional hypersurface and aα = uµ∇µuα is
the acceleration associated with uα. Since uµ = −N∇µt, it follows that, the projector will be given by
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hµν = δ
µ
ν +u
µuν . Hence by subtracting Eq. (33) from Eq. (32) and using the earlier result on the difference
between Noether charge densities, we arrived at,
16πG
{
uµJ
µ[ξ]−N2uµJµ [∇αt]
}
= Dα (2Na
α)
= uµg
αβ£ξN
µ
αβ + 16πG NT¯
(matter)
µν u
µuν + 16πG NT¯ (torsion)µν u
µuν (35)
where the expressions for T¯
(matter)
µν and T¯
(torsion)
µν from Eq. (29) and Eq. (30) have been used. Therefore,
by rewriting Eq. (35) in an appropriate manner we finally obtain the following relation,
uµg
αβ£ξN
µ
αβ = Dα (2Na
α)− 16πG NT¯ (matter)µν uµuν − 16πG NT¯ (torsion)µν uµuν (36)
This being one of the key identity which will provide us the desired thermodynamic relation. To write
the above in a more suggestive form, it is advantageous to integrate the above equation over a three-
dimensional volume V within the t = constant hypersurface. On the right hand side, the first term will
then contribute at the surface ∂V of V , thanks to the Gauss theorem. This will result into expressions
involving rαa
α, where rα is the normal to ∂V . The above expression makes sense provided the boundary
∂V is taken to be N(t,x) = constant hypersurface within the t = constant hypersurface, such that
rα = ǫDαN(DβND
βN)−1/2 = ǫaα/a. Here a stands for the magnitude of the acceleration four-vector and
ǫ = +1 if the normal points outward from the surface and is −1 otherwise. Thus finally integration of
Eq. (36) over the volume element V and subsequent division by 8πG yields,
1
8πG
∫
V
d3x
√
h uµg
αβ£ξN
µ
αβ =
ǫ
2
∫
∂V
d2x
(
Na
2π
) √
σ
G
−
∫
V
d3x
√
h
{
2NT¯ (matter)µν u
µuν + 2NT¯ (torsion)µν u
µuν
}
(37)
Here σ is the determinant of the induced metric on the N = constant hypersurface within the t = constant
one. Given the above equation one can define the surface degrees of freedom to be, Area/G. Hence even
in the presence of spacetime torsion the surface degrees of freedom associated with gravitational dynamics
do not change and is still given by the area of the surface. This suggests that as the null limit is taken, for
black hole spacetimes as well the entropy-area relation does not get affected by spacetime torsion. Rather
torsion affects the bulk degrees of freedom through T¯
(torsion)
µν . Thus in presence of spacetime torsion the
surface degrees of freedom becomes,
Nsur =
Area
G
=
1
G
∫
∂V
d2x
√
σ (38)
Thus the surface degrees of freedom remains unchanged by the introduction of spacetime torsion and
hence one can conclude the black hole entropy is unaffected by the presence of torsion. Implications of
this statement and other avenues to demonstrate the same will be discussed below. Before getting into
the bulk degrees of freedom, note that it is advantageous to introduce an average temperature over and
above the surface ∂V . In particular, the term Na/2π appearing in Eq. (38) corresponds to the redshifted
Davies-Unruh temperature, the locally freely falling observers will associate with the normalized normal
uµ. Average of which can be defined as,
Tavg =
1
Area
∫
∂V
d2x
√
σ
(
Na
2π
)
(39)
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The bulk degrees of freedom, on the other hand, depends on the matter energy-momentum tensor through
2NT¯
(matter)
µν uµuν and on the spacetime torsion through an equivalent of the energy-momentum tensor
T¯
(torsion)
µν as in Eq. (30). This suggests to introduce the Komar energy density associated with both matter
and torsion, such that,
ρ
(matter)
Komar = 2NT¯
(matter)
µν u
µuν (40)
ρ
(torsion)
Komar = 2NT¯
(torsion)
µν u
µuν (41)
Thus the bulk degrees of freedom are indeed modified by the introduction of spacetime torsion and hence
incorporates contribution from both matter energy density and energy density of the torsion field, such
that
Nbulk =
ǫ
(1/2)Tavg
∫
V
d3x
√
h
{
ρ
(matter)
Komar + ρ
(torsion)
Komar
}
(42)
The above definition of bulk degrees of freedom suggests that the bulk region is in equipartition at a
temperature Tavg. Further the factor of ǫ is included to ensure positivity of the bulk degrees of freedom.
For positive Komar energy density one can choose ǫ = +1, while for negative Komar energy density we have
ǫ = −1, such that Nbulk stays positive. Thus given the definitions of surface and bulk degrees of freedom,
presented in Eq. (38) and Eq. (42) respectively, along with the expression for average temperature, we can
rewrite Eq. (37), such that,
1
8πG
∫
V
d3x
√
h uµg
αβ£ξN
µ
αβ =
ǫ
2
Tavg (Nsur −Nbulk) (43)
Thus even when torsion is present, evolution of spacetime originates from the difference between surface
and bulk degrees of freedom and structurally coincides with Eq. (6). When the surface and the bulk degrees
of freedom coincide, they lead to vanishing of the Lie derivative term and hence ξµ becomes a timelike
Killing vector field. This ensures that the spacetime has no dynamics. Thus in the Einstein-Cartan theory
as well the departure from Holographic equipartition, or in other words, the difference between suitably
defined surface and bulk degrees of freedom is responsible for dynamical evolution of spacetime. This
explicitly demonstrates that even in the presence of spacetime torsion, the entropy-area relation, namely
entropy = area/4 still holds.
An identical conclusion can also be reached in the context of Noether charge as well. In general
relativity, the total Noether charge within a N = constant hypersurface on the t = constant surface is
related to the heat content of the boundary surface. However the above result crucially hinges on the
fact that for general relativity the Noether current associated with ∇αt identically vanishes. However as
evident from Eq. (33) such is not the situation in the case of Einstein-Cartan theory. Thus in the context
of Einstein-Cartan theory we will have the following result associated with the difference between Noether
charges with diffeomorphism vector field ξµ and ∇αt respectively, such that,
∫
V
d3x
√
h
{
uµJ
µ[ξ]−N2uµJµ [∇αt]
}
= ǫ
∫
∂V
d2x
(
Na
2π
) √
q
4G
= ǫ
∫
∂V
d2x Tlocs . (44)
Here uµJ
µ[ξ] corresponds to the Noether charge density associated with the vector field ξµ, while uµJ
µ[∇t]
is the Noether charge density associated with the vector field ∇µt. In absence of torsion the Noether charge
associate with the pure gradient vector field identically vanishes and we recover the result presented in
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Eq. (5), associated with general relativity. While in Einstein-Cartan theory it is the difference between
Noether charges that has thermodynamic interpretation. Thus the difference between Noether charges
within the N = constant hypersuface associated with ξµ and ∇αt is the heat content of the boundary
surface. Note that Tloc = Na/2π is the redshifted Unruh-Davies temperature associated with the observer
with four velocity uµ, who will perceive the local inertial vacuum to be thermally populated. Interestingly,
in this context as well the entropy density of the spacetime is given by
√
q/4G, identical to that in general
relativity. Thus the Noether charge for Einstein-Cartan gravity leads to the same area-entropy relation.
This provides yet another verification of the statement that gravitational entropy is unaffected by the
presence of spacetime torsion.
5 Hamiltonian Analysis in Presence of Torsion and The First
Law
In the previous section we have provided two independent probes to demonstrate that the entropy-area
relation is unaffected by the presence of spacetime torsion. Interestingly, it is possible to arrive at the
same conclusion starting from the gravitational Hamiltonian in two ways as we will demonstrate now.
The first and the quickest way to demonstrate that the entropy-area relation remains unaffected is to
realize that the incorporation of spacetime torsion does not affect the boundary value problem for general
relativity [66, 67]. In particular, the boundary term that needs to be added to the gravitational action to
make it well-posed, remains the same as the Gibbons-Hawking-York boundary term. Thus the gravitational
action in presence of torsion except for the bulk expression given by Eq. (10) will also have the additional
2K
√
h term integrated over the boundary surface. It is well known that, the 2K
√
h boundary term when
integrated over the Rindler horizon in the Euclidean patch results into the entropy-area relation, thanks
to the periodicity of the imaginary time coordinate with inverse temperature as the period. In this case
as well, since the boundary term is not at all affected by the presence of torsion, it immediately follows
that an identical computation on the Rindler horizon will result into the entropy-area relation in this
case as well. As an aside we would like to mention that the (3 + 1) decomposition of the gravitational
action as presented in Eq. (10) except the matter contribution can be performed without much trouble.
Since torsion is not dynamical, its conjugate momentum will vanish, while the momentum conjugate to
hµν (the induced metric) remains unchanged. Thus the associated ADM Hamiltonian [68] will have an
identical structure with an additional piece, 2∇¯αTα+TρT ρ+KαρµKραµ−16πGKασβτσ βα , originating from
spacetime torsion. This in turn will affect the Hamiltonian constraint by simple addition of the previous
term to the corresponding expression for general relativity, while the momentum constraint will remain
unchanged.
The second approach corresponds to obtaining a first law like structure in the presence of torsion,
from which one can read off the associated entropy. For this purpose, we will assume that the spacetimes
under consideration is asymptotically flat, which is expected as the effect of torsion must die down at
large distance from the source. Further, we will make a slight change in the nomenclature as well, we will
assume that we are working in a spacetime which admits both timelike (tµ) and spacelike (φµ(a)) Killing
vector fields, whose appropriate combination ξµK is the Killing vector field whose norm vanishes on the
horizon. The subscript K to ξµK is to distinguish it from the vector ξ
µ we have introduced in Section 2.
With this preamble, let us compute the variation of the symplectic potential, dubbed as the Hamil-
tonian. Thus given the Noether current Jµ[ξK] and the boundary term originating from variation of the
action, we can write down variation of the Hamiltonian using the symplectic structure in the following
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manner [35],
δH = δ
∫
C
d3x
√
h uµJ
µ[ξK]−
∫
∂C∞
d2x
√
q rαβξµKǫαβµνδV
ν (45)
Here the quantity δV ν is defined in Eq. (15), rαβ is the bi-normal to the two-surface ∂C∞ and ǫαβµν is the
Levi-Civita symbol. Moreover, C depicts a Cauchy surface in an asymptotically flat spacetime, such that
it inherits a single boundary ∂C∞ at infinity, while the inner horizon is assumed to be compact. For the
existence of a Hamiltonian it is necessary that the term on the boundary ∂C∞ be written as∫
∂C∞
d2x
√
q rαβξµKǫαβµνδV
ν = δ
∫
∂C∞
d2x
√
q rαβξµKǫαβµνB
ν (46)
where the vector Bµ needs to be determined.
Thus one can identify the Hamiltonian as inheriting contributions from both Jµ[ξK] as well as from
the boundary term Bµ. Further the Noether current as presented in Eq. (23) has two parts, one originat-
ing from general relativity (Jµgr[v]), while the other depending exclusively on spacetime torsion (J
µ
tor[v]).
Interestingly the general relativity contribution can be converted to a surface integral as one can have a
Noether potential for the same. Thus the Hamiltonian can be written as,
H =
∫
∂C∞
d2x
√
q rαβ
(
Jαβgr [ξK]− ǫαβµνξµKBν
)
+
∫
C
d3x
√
h uµJ
µ
tor[ξK] (47)
Since the boundary contribution as in Eq. (15) as well as Jαβgr [ξK] does not involve any torsional degrees
of freedom, it follows that the first term is identical to that in general relativity, while the second term,
which is a volume term encodes the torsional degrees of freedom. Another case of interest corresponds to
the situation in which the Killing vector field ξµK generates the asymptotic time translation, i.e, ξ
µ
K → tµ.
In this case the value of the Hamiltonian defines the energy associated with the system. In particular, we
will have,
E =
∫
∂C∞
d2x
√
q rαβ
(
Jαβgr [t]− ǫαβµνξµKBν
)
+
∫
C
d3x
√
h uµJ
µ
tor[t]
=
∫
∂C∞
d2x
√
q rαβ
(
Jαβgr [t]− ǫαβµνξµKBν
)
+ Etorsion (48)
For asymptotically flat spacetimes the first integral is essentially an integral over the two-surface at infinity
and will coincide with the ADMmass of the vacuum spacetime. Since torsion identically vanishes in absence
of matter, it follows that the volume term will also not contribute. Thus for vacuum spacetimes the energy
defined above coincides with the ADM mass as it should. On the other hand in presence of matter, the
spacetime torsion will be non-zero and hence the effect from torsion on energy E will be encoded in the
volume integral of Eq. (48).
Again going back to the general case with ξµK as the diffeomorphism vector field, one may be able to
write the same as a combination of time translation Killing field tµ and the rotational Killing field(s) φµ(a),
by introducing some appropriate linear combinations with constant coefficients, such that,
ξµK = t
µ +Ω
(a)
H φ
µ
(a) (49)
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Here Ω
(a)
H are the constant coefficients. In presence of Killing horizon in an asymptotically flat spacetime
the variation of the Noether charge over an equal time hypersurface bounded by event horizon H and
two-surface at infinity ∂V∞ can be written as,
δ
∫
H
d2x
√
q rαβJ
αβ
gr [ξK] = δ
∫
∂V∞
d2x
√
q rαβJ
αβ
gr [ξK]
− δ
∫
∂V∞
d2x
√
q rαβǫ
αβ
µνξ
µ
KB
ν [ξK] + δ
∫
V
d3x
√
h uµJ
µ
tor[ξK] (50)
where we have used the result that the Killing field ξµK vanishes on the event horizon H. Since the
hypersurface V is also in an asymptotically flat spacetime it must match with the Cauchy surface except
for the interior, such that ∂V∞ = ∂C∞. As evident from Eq. (49), the Killing field can be linearly
decomposed and the above variation of the Noether charge presented in Eq. (50) can be written as,
δ
∫
H
d2x
√
q rαβJ
αβ
gr [ξK] = δ
∫
∂C∞
d2x
√
q rαβJ
αβ
gr [t]− δ
∫
∂C∞
d2x
√
q rαβǫ
αβ
µνt
µBν [t] + δ
∫
C
d3x
√
h uµJ
µ
tor[t]
+ Ω
(a)
H
{
δ
∫
∂C∞
d2x
√
q rαβJ
αβ
gr [φ(a)] + δ
∫
C
d3x
√
h uµJ
µ
tor[φ(a)]
}
(51)
Note that the term involving φµ(a)B
ν on the boundary is absent due to antisymmetry of the Levi-Civita
tensor. Collecting all the terms on the right hand side, it is clear that they can be separated into two
parts — (a) one due to the time translation field, which corresponds to the first three terms on the right
hand side and is equal to δE as evident from Eq. (48); (b) The two terms in the second line is connected
to the rotational Killing field φµ(a) and corresponds to the total Noether charge associated with φ
µ
(a) and
hence can be defined as the negative of the angular momentum J(a) associated with the spacetime [35].
In vacuum situations the torsional piece identically vanishes and we end up getting the standard result
for general relativity. Thus alike the definition of energy, the definition of angular momentum as well gets
modified in presence of torsion. Finally incorporating all these contributions, one can write down Eq. (51)
in a compact form, such that,∫
H
d2x
√
q rαβJ
αβ
gr [ξK] =
κ
2π
δ
(
Area
4G
)
= δE − Ω(a)H δJ(a) . (52)
As emphasized earlier, here J(a) is the negative of the Noether charge associated with rotational Killing
vector field at infinity along with a volume term due to torsion and E is given by Eq. (48), both of
which involves the effect from torsion. This is essentially the first law in a spacetime inheriting torsion.
Intriguingly, the left hand side of Eq. (52) originates from general relativity alone and is equal to TδS,
where S = Area/4G. Thus the above derivation of first law for spacetimes with torsion provides yet
another verification of the entropy-area relation in the context of Einstein-Cartan theory. In conformity
with the earlier findings, in the context of first law as well torsion only affects the expression for bulk
quantities, e.g., E and J respectively. This further bolsters our claim regarding black hole entropy in
presence of torsion presented in this work.
6 Concluding Remarks
In this work we have explicitly demonstrated, that even though the presence of spacetime torsion modifies
the gravitational Lagrangian and hence the field equations in a non-trivial manner, there is no effect of the
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same on the black hole entropy. In other words, even in the presence of torsion, the entropy-area relation
holds identically. We have arrived at this conclusion following several routes:
• We have shown that even in presence of spacetime torsion, the evolution of the spacetime is governed
by the difference between suitably defined bulk and surface degrees of freedom. Here the surface
degrees of freedom inherits no contribution from spacetime torsion and is proportional to area.
• The difference between Noether charges for suitable diffeomorphism vector fields is equal to the heat
content of the boundary surface. Here also the boundary entropy is proportional to the area of the
boundary surface.
• The Gibbons-Hawking-York boundary term remains unchanged in presence of torsion and hence
yields the entropy-area relation, when evaluated in the near horizon regime using Euclidean methods.
• Finally, variation of the Noether charge over the black hole horizon can be written in a first law like
form, where the entropy is still given by (area/4), while the energy and angular momentum changes
due to presence of torsion.
It is also possible to argue the same starting from the (3 + 1) decomposition of the gravitational
Lagrangian, resulting into the ADM-like Hamiltonian with the boundary contribution being completely
independent of torsion. Thus we observe that black hole entropy in presence of torsion is indeed propor-
tional to area, while the bulk contribution will indeed inherit the effect from torsion. This shows that any
non-trivial modifications of the gravitational action does not necessarily modify the black hole entropy.
This result has significant physical as well as philosophical fallout. For example, the above study lends
into several important questions that one may wish to answer, viz., what happens to black hole entropy
in Lovelock theories of gravity, but in the presence of spacetime torsion. Does it change from the Wald
entropy or not? In other words, does the above peculiar result associated with Einstein-Cartan theory
transcends general relativity? Also in the context of AdS black holes in Einstein-Cartan theory, our result
suggests that the torsional degrees of freedom does not contribute to black hole entropy and hence it
is worth asking whether the equivalent CFT description of Einstein-Cartan theory in AdS spacetime is
identical to general relativity or not. These are some of the question worth wondering about and they
shows the importance of spacetime torsion in the understanding of microscopic structure of spacetime in
a better and systematic manner. Our result may be a first and primitive step towards that direction.
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